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A general formalism is presented for the calculation of the vibration-rotation cnergy levels of linear sym-
metrical XY, type molecules through direct numerical diagonalization of the vibrational hamiltonian matrix.
This method is applied to the CO, and CS, molecules, of which the general quartic force fields have been known
accurately. The results are compared with those obtained by an ordinary perturbation treatment, and the
truncation effects of the matrix sizes as well as of the expansions of the potential functions are discussed. Special
attention is paid to the peculiarities in the potential function of CO, for which very strong mixings of the basis
harmonic oscillator wave functions are observed. The general formula for evaluating the matrix elements of
the transition moment are also discussed and its applicability to the problems of vibrational intensities and the

dipole moment functions is discussed.

In Part I,V a method was presented in which the
vibration or vibration-rotation energy levels of a
diatomic molecule are calculated from the harmonic
and anharmonic force constants by solving the vibra-
tional hamiltonian numerically. This method has an
advantage over the conventional contact transforma-
tion approach,? since a true (perturbed) orthonormal
wave function is readily obtained for a given vibrational
level through numerical diagonalization. Two basic
physical properties of a molecule, ¢.e. the potential and
dipole moment functions may be handled simultane-
ously by this method.?

As pointed out in I, the numerical diagonalization
method is very attractive in handling the polyatomic
molecules, since no special treatment is required for
the anharmonic resonances. Efforts have been made
to extend this method to a linear symmetrical tri-
atomic molecule. This extension is not altogether
simple, since the vibration-rotation hamiltonians of
polyatomic molecules are complex and possess extra
terms which are not present in diatomic molecules.
The basic algorithms to compute vibration and vibra-
tion-rotation energy levels have been established for
this type of molecule, and they are applied to the
cases of the CO, and CS, molecules. The results
are reported in the present paper.

Hamiltonian

The general form of vibration-rotation hamiltonian
of a polyatomic molecule is given by Goldsmith, Amat,
and Nielsen.¥ The form is greatly simplified in the
specific case of a linear symmetrical molecule XY,.%
The vibration-rotation hamiltonian may be expressed
as the sum of vibrational, rotational, and Coriolis
hamiltonians. With replacement of a degenerate
pair of bending coordinates ¢, and ¢,, by cylindrical
coordinates 7, and J,, it has the following form.®

H= Hvlh + Hrot + HCO!‘) (1)
H,p= (1/2) ;,:q w5(gs*+ £5%) + (a/2) (r®+ pr.?)

+ (k101903 + Froane® + R1330:5) @1
+ Fungi + Friaadi g + £33330"
+ (Bypoeqy®+ Kaneots? + Koggaqs®) 13

+ Hvib’y (2)
Hvlb' = e(jx2+jy2) kgo qu1k; (3)
Hrot; = Be(Jx2+Jy2) kgo -qulk, (4')
HCor = _2Be(jx.]x+jy.]y) Ig;]:) qulk, (5)

where  Ry—(—1p(k+ 1)y, %2, y,=(2B,Jwy), j, and
Jy are the dimensionless vibrational angular momenta
(Jx=p¢/f and j,=p, /). The totally symmetric ¢,
normal coordinate plays essentially the same role as ¢
in diatomic molecules, and each hamiltonian is ex-
pressed as a power series expansion of ¢;. This is
suited for numerical treatment and the hamiltonians
may be truncated at a desired order of approximation.
The normal coordinates ¢,;, g2y, and g; do not appear
in the expressions in Egs. (3)—(5). The molecular
vibrations affect the moments of inertia through the
shift of the average nuclear positions as well as by the
anisotropy of the mean square amplitude of vibration.
The former effect is linear in normal coordinates and
vanishes unless {g,>#0, which holds only for r=1
in linear XY,. The latter effect is quadratic in normal
coordinates, and there are, indeed, non-vanishing terms
for ¢,.% ¢s,% and g¢;% but they are all cancelled out
when the Eckart condition is imposed to separate
vibration and rotation. This problem has been
discussed by Oka®) in greater detail.

The term designated H_,,’ arises from the squared
vibrational angular momentum and contributes only
to the vibrational energies of a molecule, it is treated as
a part of vibrational hamiltonian. The general
quartic potential function is used in Eq. (2). If higher-
order force constants are included, another term,

(Be/2) = r*Pg.% (6)

which is originated from pseudo-potential U(g’s)%"
must also be considered in H_;,".

Energy Levels

Vibrational Energy Levels. As diatomic molecules,
the vibrational hamiltonian matrix elements may be
evaluated from the harmonic oscillator basis functions,
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where |n> represents |ny, n,, I, n;>.8  The vibrational
energy levels are calculated by diagonalizing the
vibrational hamiltonian matrix numerically. For a
given vibrational level v, the corresponding wave
function is evaluated as a linear combination of the
basis harmonic oscillator wave functions, and may be
expressed as

[o> = 3] aya|n>, )

where the coefficients aw’s are the corresponding
elements of eigen vectors. The basis functions may
be arranged according to their symmetry so that the
resultant vibrational hamiltonian matrix is divided into
symmetry blocks, each of which may be treated separate-
ly. Therefore, Eq. (7) holds in each symmetry block.
It is readily seen that the wave functions |s> also
form an orthonormal set.

Vibration-Rotation Energy Levels. The rotational
energy levels in a given vibrational state v are given
as

Ey(J) = B[J(J+ 1) =L =D,[J(J+1) - ®
Both H,,, and H, . must be considered to obtain the
rotational constants B,. The contribution from H_
is simpler to evaluate, and the procedure is essentially
similar to the evaluation of B, in diatomic molecules.
By applying the first order perturbation treatment,
the contribution from H_, to E,(J) is given as

E,()r = (v, J | Heo| 0, )
= B[J(J+1)—1?] EORK”]H‘I 0y, 9)

which is further reduced to

Eo()r=BlJ(J+1) =] 2 30 35 aontn Rikn| 01

=B,[J(J+1)-17]
X[+ k§1 ? ”2, ao'natm'Rk<n]qlk[ n’>] . (10)

NON-VANISHING MATRIX ELEMENTS FOR
J+’ J—, j+’ AND j‘-
(2) J. and J-

LI 1=K L1 -1 1)

=[JJ+1) L+ 1]
Il J-1 ) = 15=K], b=1]J+| ], bo)

=[JJ+1) -L{E-1)]*

TaBLE 1.

(B) J» and j-

(ngy by mylgu|ng’s by ng'> = <’y &y n'|j-|may by m3)

ny’ 1, ny’ Matrix element
J+ ny—1 l,—1 ny+1 Qo[ (ny+ 1) (ng+ 1)14/2
ng+1 I,—1 ny—1 Qo3[ (ny— U5+ 2)mg]"/?
n,—1 l,—1 n;—1 Dysl (ny+ L) ns]*/?
ny,+ 1 lz— 1 ng+ 1 ¢23[(”z—12+ 2) (”3+ 1)]1/2
J- ny+1 L+l ny—1 Qo5[ (na+ Iy + 2)ng ]2
na—1 L+1 ny4-1 Qo3[ (ny— 1) (ng+ 1)]/2
ng+1 L+l ny+1 Dos[(ng+ 1+ 2) (ng+ 1)]'/2
n,—1 ly+1 ng—1 Dosl (n,— L) mg] "2

Q253= (1/2) [(wp/03) 12+ (5] 2) /%]
Dy = [(wy]3) /2 — (] 0,) /2]
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R,, a,,, and the matrix clement {n|¢*|n’) are all
known. The contribution from Hj,, to the rotational
energy is more complex. Obviously, the diagonal
matrix element {v, J|Hg,| v, J> vanishes, and the
second-order contribution must be considered,

E,(J)® = 2Hvu'(I)Hv'v(l)/(Evo_Ev’o) (11)

H,,, may be expressed in more convenient form by
using ladder operators Ji=J +i] and ji=j *ij,,

HCor = - a<j+J— +J—J+) k§0 qulk' (12)

The relevant non-vanishing matrix elements are listed

in Table 1. Again, [> and [0"> may be expressed

in terms of the harmonic oscillator wave functions,

[v>=3a,,In> and |[v>=23]a,,Im>. As ex-
n m

pected from the nature of Coriolis force, H,, vanishes
unless the direct product of » and v’ contains the 7,
representation to which the rotations around the x-
and y- axes (R, R;) belong. For example, if » belongs
to the o_* species, v” should be the z, state, and if »
belongs to the =, state, v’ should be either in the o *
or A, state. H, @M is given as

H,,® =33 aunav'm<n’J| HCorI m,.]>
= —B,[J(J+1)—l(lL— )]V ayaay mn] js | m)

=B[J(J+1) =L+ D]V aynay mln] j-| m).
(13)
It is readily seen from Table 1 that H, 0=H, ®

holds and that either {n|j,|m) or {a|j_|m) vanishes.®
In the latter case, the leading term of E,( J)C is given as

E,())° = BSLJ(J+1) =L, —1)]
(P2 PIPY aynty' min| | M1/ (B’ —Ey©)]  (14)

The final expression for B, is, therefore,
B, = Bakg() [Re 30 33 ayntyn’{n| g% | n">

+ BoRi 31{303] aynty' mn| ¢:* - ji | mD}*/ (o — Eyr)].
(15)

The higher-order term in H,, is included in Eq. (15).
The wave functions designated with n and »” belong
to the same symmetry species, while those with »
and m do not. The last integral Eq. (15) may be
rewritten as <{n|q*j,|m) = {ny, ly, nglj, |my, Iy’ my)-
{nyqi¥lmyp, since j, (or j_) does not involve g¢,.
When the ¢} or o} state ([,=0) is considered, the
Coriolis contributions from the [,=—1 states as well
as those from the [,=-1 states must be considered,
and this doubles the value given in Eq. (15). Since
E,(J)¢ is derived by the ordinary second-order perturba-
tion method, it breaks down for a case of accidental
degeneracy in which a (v, J) level locates close to another
(', J) level with proper symmetry. Such a case
must be handled separately.

1-Type Doubling in XY,. So far it is implicitly
assumed that the levels with the positive and negative
I, values have identical energy. This holds for rotation-
less case. There is also no vibration-rotation hamilton-
jan which directly connects, for example, the 010 and
01-10 states, However, these levels couple with each



December, 1975]

other through the third states (001 or 02°1 in the
above example) by H,,,. For illustration, the 0110,
001, and 01-'0 levels are chosen and the vibration-
rotation hamiltonian matrix for a given J is expressed,

$(01' 0,]) [E,,S a 0
$00 LJ) |a Ey ;> a
$(01-0,J) LO a Ey,°

with a=[J(J+D]7110] 7, 101> =[] (J+1)]"/*01];_]
170> =1"282,[ J(J+1)]¥2. By wusing the linear
combinations ¢, and ¢, given below, the matrix
is reduced to

$e=(1/v"2)[$(01'0,])+ ¢ (01720,/)]

$(001,7) V2a Ey;° 0

$a=(1/v/2)[¢$(01'0,]) —¢(01770,/)] LO 0 E,y°
This indicates that in calculating the rotational con-
stants of the ¢ and 001 levels, the contributions from
H,,@ must be doubled, while the d state is free from
Coriolis type interaction. This causes the well-known
l-type doubling: A given J level of the 010 state
splits into two sub-levels with slightly different energies.
Since », is larger than »,, the rotational constant of the
c sub-level is expected to be smaller than that of the
d sub-level. It must be noted, however, the Eq. (15)
still holds for evaluating the average rotational con-
stant of the ¢ and d levels. In the present calculation
this average rotational constant is usually computed,
and calculation of the /-type doubling constants is
installed as option.

Higher Order Force Constants. The present method
is not limited to the treatment of the general quartic
force field, and any higher order terms may be included
without disturbing the general procedure. This is an
advantage of the direct diagonalization method over
the contact transformation approach, since the latter
requires at least the twice transformed hamiltonians
to go beyond the quartic force field. It has already
been pointed out!®'!) that some third-order parameters
A1, Ay, A5, and 6, which appear in Fermi resonance
off-diagonal matrix elements are necessary to elucidate
the vibration and vibration-rotation levels of most
linear triatomic molecules, particularily those in CO,.
In the present treatment this is equivalent to including
the quintic force constants kyy410, k19990, and £ypeg4, and
this has been done very easily.

E,;° V2a 0

Computational Methods

Most of numerical computations have been carried
out on a MELCOM 7700 system in Educational Com-
puter Centre in the University of Tokyo. A HITAC
8800/8700 system in Computer Centre in the University
of Tokyo has also been used for eigenvalue problems
of large matrices. Programs written in FORTRAN
IV are compatible in both systems: only the sizes of
a certain arrays are changed.

Generation of Basis Functions and Matrix Elements. In
actual calculations, the harmonic oscillator basis func-
tions are specified by a set of four integers corresponding
to ny, ny b, and ng (ly=n,, n,—2,..., 1 or 0). A
desired number of the basis functions are systematically
generated with the condition of ny-}-n,+n,<n, where
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n is a suitable interger. The following simple rule
has been applied to identify the symmetry species of
a given basis function:

(i) ny+ ny (even, odd) < (g, u)
(il) lz (0) 1) 2; 3, "') <« (0+7 Ty 67 ¢: "')

The matrix elements of the vibrational hamiltonian
are generated by using the subroutines OPERQ and
OPERR. The former was described in I, and the
latter is written to evaluate the radial part matrix
elements {n,l|r™|n',l’>. The diagonal part of vibra-
tional hamiltonian matrix has a familiar form of

{n|Hyp|n) = z'v_: wi(n;+d;/2)

+ 33 #¥iy(n+dy/2) (ng+dyl2) +x%1,0.0° (16)

i
where d;=d;=1 and d,=2. The asterisks indicate
that they differ from the x,,’s defined by Nielsen,?
and if the general quartic force field is employed,
0¥ == (3)2)k;i05 2% 1:0,=K0000/2, and ;¥ =k;;;; with an
exception of %33 =FKss35+B,[(we/w;) + (ws/wy)]. The last
term in x%,, arises from H_;,’. The contributions from
H,,' are also considered for the evaluation of off-
diagonal matrix elements which involve {n,, Iy, ngln,
X2, by, ng, {nyy Ly, nglng, by, nt2, Sny, Iy, nglnyt2,
ly, ng+2>, and {ny, Ly, ngln,=:2, I, n;F2>. The
resultant vibrational hamiltonian matrix is divided
into symmetry blocks, which can be treated separately.
The correction of the zero-point energy, however,
should be done to each level.

Just as in the case of diatomic molecules, the vibra-
tional hamiltonian matrix is obtained as the form of
matrix sum:

Hvih — 2 k@OA®D (]7)

The harmonic and anharmonic force constants are
numbered consecutively; i=1,2 ..., f. A% represents
the contribution of the i-th force constant to the vibra-
tional hamiltonian matrix, the elements of which
may be evaluated once for all if the set of basis func-
tions has been determined. Non-vanishing matrix
elements aff may be stored in magnetic tapes or discs.
The contribution from the H,,’ term may also be
included in Eq. (17) by formally setting £®=1. The
elements of A are easily obtained from Eq. (3). Also
time-consuming is the process to calculate the second
term in Eq. (15). The computing time is considerably
abridged, however, by storing the non-vanishing
elements of {(nl¢i-j.Im) and <nlgi-j_|md> for k=0
to 4.

Eigenvalue Problems. In the present calculations
it is necessary to solve real n Xz symmetric matrices,
where n ranges from 30 to 200. Usually 30 lowest
eigenvalues and eigenvectors are obtained for each
symmetry block. The Givens-Householder method
for symmetric matrices'® is satisfactory in most cases.
In HITAC 8700/8800 system it takes eight seconds to
solve 100 x 100 matrix (30 seconds for a 200 x200
matrix). Double precision arithmetics are used to
retain the desired accuracy.

As seen from Eq. (2), the present calculation is
primarily based on the force constants in dimension-
less normal coordinates. However, the force constants
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in curvilinear internal coordinates are more convenient
for the systematic handling of various isotopic mole-
cules, since the latters are independent to isotopic
substitutions. Therefore, a subprogram is implement-
ed which handles the transformation from the internal
to the normal coordinate systems. Either the general
valence force constants or the force constants in di-
mensionless normal coordinates are allowed as input.

Results and Discussion

Application to CO, and CS,. The present method
has been applied to two XY, type linear molecules,
t.e. CO, and CS,. They are probably only molecules
of this type, of which the general quartic force fields
have been studied extensively.1%13-16) The force con-
stants of CO, and CS, used in the present calculations
have been taken from Refs. 10 and 16, respectively,
they are listed in Table 2. It is clearly seen in Table 2
that the both sets of force constants show markedly
similar trend. In terms of the Nielsen-Amat’s per-
turbation scheme,?% however, these molecules differ
considerably in Fermi resonance of the »,=~2y, type.
It is known that the unperturbed »,° and 2v,° levels
are almost coincident in CO,, while they are apart
by about 130 cm—! in CS,.1%) It is, therefore, interest-
ing to see how they differ in the numerical diagonaliza-
tion method.

TABLE 2. GENERAL QUARTIC FORCE CONSTANTS
or GO, anp CS,

General valence®  Dimensionless normal

representation representation (cm—!)
—_—— T
GO CS,» CO, CS,
K;,(md/A) 8.0112 3.9383 w, 1354.31  672.57
K,;(md/A) 1.2613 0.6441 w, 672.85 398.21
Kyy(md-Afrad®) 0.3925 0.2846 w, 2396.32 1558.85
Ky, (md/A2) —18.989 —7.478 k,;, —45.78 —18.39
Kip5(md/A2) —1.955 —0.842 £, 74.72 43.15
Kyss(md/rad?) —0.609 —0.369 k,,, —249.14 —130.30
K11, (md/A3) 26.251  8.697 kyyqy 1.92 0.59
K, 115(md/A3) 3.676  0.643 £k, —11.15 —5.39
K;y55(md/A3) 3.022  0.479 k4, 19.52 8.74
Kyppo(md/A-rad?) 0.504  0.111 K0 2.45 1.70
Kipos(md/A-rad?) 1.870 0.461 gy, —27.56 —15.26
Kpppo(md-Afrad?) 0.046 0.044 Fy4q, 6.30 3.83

a) Ry=Argx, Ry=4¢, and R,=Argx’. b) Set (iv) of
Table 2 in Ref. 10. c¢) Set (i) of Table 2 in Ref. 1.

Truncation Effect. Presicion of the present cal-
culations is determined, at least in part, from the
number of basis functions taken for a symmetry block:
the more basis functions are used, the more accurate
results are usually expected. In the treatment of
diatomic CO and HCl in I, 20 to 30 harmonic oscillator
wave functions must be taken as basis to elucidate the
vibrational levels up to »=6. As mentioned earlier,
a set of three quantum numbers must be considered
in XY,,' and the sum of these quantum numbers
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n=2>1n, may be regarded as the measure corresponding
to n in diatomic molecules. The value of n is in the
ranges of 13—14 and 18—20 in the respective cases of
100 and 200 basis functions, the latter may be a practical
limit in the present treatment. Therefore, the trunca-
tion effect of the matrix sizes has first been examined
by varying the number of basis functions from 30 to
200 for each of eight symmetry blocks (l,=0, 1, 2, 3).
Parts of the results are given in Tables 3—6. In each
table the results for the 35+, 33+, and I1, blocks are
given, the latter two blocks are chosen because relatively
large number of corresponding experimental data is
available. The calculated values for the 200x200
problem are given in the first column in each table and
the differences from the 200 X200 case are entered in
the remaining columns. The entry of zero or small
numbers indicates that the convergence is completed
at that stage. For the lowest two or three levels 100
basis functions are sufficient, but 200 basis functions
are needed to account for the lowest six to ten levels in
a given symmetry block. The convergence in CS, is
somewhat faster than that in CO,, which is in accord-
ance with our results in diatomic molecules (I). The
off-diagonal matrix elements of CS, are relatively
smaller than those of CO,.

In order to calculate the rotational constants, the
terms up to k=4 in Eqs. (4) and (5) have been retained
just as in the case of diatomic molecules. Fewer terms
may be used, since the values for y,=(2B,/w,), which
represent ‘order of smallness’, are 5.8 x 104 and 3.2 x
10 for CO, and CS,, respectively, which are con-
siderably smaller than the corresponding values of
(2B,/w,) in CO and HCl (1.7x10-3 and 7.0x10-3)
we have adopted the following values: B,=0.391600
cm~! for CO, and B,=0.108859 cm—! for CS,.

Comparison with Contact Transformation Method. One
of the primary purposes of the present study is to com-
pare the results of the numerical diagonalization
method with those in Refs. 10 and 18 which utilized
the 2nd-order perturbation treatment with 3rd-order
Fermi resonance corrections. The differences be-
tween the two calculated quantities are given in the
columns designated as d,,, in Tables 3—6. The differ-
ences are much larger than expected particularly for
the higher levels of CO, which are involved in strong
Fermi resonance. The general quartic force field is
used in the both methods, the only difference is the
inclusion of the third-order parameters A’s and ¢ in
the treatment of Fermi resonances. These third-
order parameters are rather complicated functions of
force constants and geometrical parameters.’® How-
ever, the contributions of force constants quadratic
through quartic terms are considered to infinite order
of approximation in the numerical diagonalization
method, and the only extra terms which have to be
considered are three quintic force constants, Kqj100,
k12290, and Kjgpe5. These quintic force constants may
be evaluated from the values of the three 1’s as well as
those of the lower order force constants, but this requires
the rather lengthy calculations. Fortunately, the
sextic potential function of CO, has been explored by
Cihla and Chedin'® who reported the values of 0.665,
—1.052, and 5.4 cm~! respectively for kyy190, kq9000, and
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TasLE 3. CALCULATED VIBRATIONAL LEVELS OF CO, AND THEIR VARIATIONS WITH
THE NUMBER OF BASIS FUNCTIONs®Y’

Level

Species e Veatea (200) 4(150) 4(100) 6(50) 4(30) Oeatea® & cated
n, ny, n

St (b=0) 0 2 0 1285.36 0 1 2 14 2 —a4
1 0 0 1386 .84 0 1 3 19 117 95

Sttt (1,=0) 0 0 1 2349 .01 0 0 3 6 16 —179
0 2 1 3615.49 1 7 24 162 —268 —207
1 0 1 3708.80 1 11 38 250 582 —150
0 4 1 4855.06 1 14 189 1505 — 148 —293
1 2 1 4977.27 7 34 637 2423 56 —242
2 0 1 5084.90 2 31 378 2211 1452 161
0 6 1 6071.02 4 38 927 2312 467 —630
1 4 1 6228.21 28 136 2396 4131 —6 —313
2 2 1 6337.93 41 197 3017 4982 1033 —-312
3 0 1 6479.10 10 119 1356 3736 2375 744
0 0 3 6978.88 41 241 3684 4112 —616 —2276

M, (,=1) 0o 1 1 3002.08 0 1 5 68 224 —84
0 3 1 4247.76 0 7 24 136 26 —99
1 1 1 4380.96 0 8 40 209 975 154
0 5 1 5472.44 2 15 179 1593 —_ —
1 3 1 5625.28 7 39 539 2423 — —_
2 1 1 5771.94 3 32 377 2362 — —
0 7 1 6676.55 5 37 1159 2554 1141 —722
1 5 1 6854.70 34 134 2422 4294 956 219
2 3 1 7004.07 46 201 3021 4932 2045 482
3 1 1 7176.26 16 118 1556 4188 2765 1364
0 1 3 7599.06 54 227 4146 4708 423 —2155

a) Vez1ca(n) in cm~—1: obtained by solving n X n secular equation. b) §(n) = [vea1ea () —Vea1ea(200)] X 100. ¢) Searca = Vealea
—¥ea10a(200), where vq1.q was obtained by an ordinary perturbation method (Ref. 10 for CO, and Ref. 18 for CS,).

TaBLE 4. CALCULATED VIBRATIONAL LEVELS OF GS, AND THEIR VARIATIONS WITH
THE NUMBER OF BASIS FUNCTIONS?

Level

SPCCiCS ————— Vealed (200) 6( 1 50) 6( 1 00) ) (50) o (30) 50,110(1 chalcd
ny ny  ny

St (1,=0) 1 0 0 657.90 0 1 2 9 9 —22
0 2 0 800.97 1] 0 0 9 81 55
2 0 0 1313.64 0 1 26 330 -1 —62
1 2 0 1443.58 0 1 9 235 339 62
0 4 0 1617.79 0 1 8 198 197 153

St (l,=0) 0 0 1 1535.34 0 1 2 32 8 —87
1 0 1 2186.65 0 4 14 708 —113 —201
0 2 1 2321.87 0 2 5 88 265 58
2 0 1 2835.98 2 17 281 1107 —275 —351
1 2 1 2958.17 0 8 103 818 356 —13
0 4 1 3124.11 0 4 32 697 586 364
3 0 1 3483.17 14 48 1478 2291 —475 —539
2 2 1 3592.81 9 30 1167 1654 420 —115
1 4 1 3746.69 7 24 901 1260 1507 409
0 5 1 3938.55 4 17 645 1451 962 829

[Ty (l,=1) 0 1 1 1924.07 0 0 2 4 96 —43
1 1 1 2567.12 0 4 12 96 34 —144
0 3 1 2719.31 0 2 8 435 401 190
2 1 1 3208.05 2 10 203 1108 —57 —279
1 3 1 3348.55 1 8 103 934 661 172
0 5 1 3528.15 1 7 40 829 754 576

a) See Footnotes to Table 3.
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TABLE 5. CALCULATED ROTATIONAL CONSTANTS OF CO, AND THEIR VARIATIONS WITH
THE NUMBER OF BASIS FUNCTIONs®P)

Level

Species ———— B(200) J(150) 4(100) 4(50) 4(30) Jeatea® ¢ caled
n ny, ng

St (1,=0) 0 2 0 3.19 0 1 2 24 59 13
1 0 0 —0.66 0 0 1 22 —176 —65

STt (,=0) 0 0 1 —30.22 0 0 3 9 37 49
0 2 1 —25.98 0 3 37 191 137 29
1 0 1 —32.44 1 3 41 181 —98 115
0 4 1 —-17.70 3 9 256 438 285 291
1 2 1 —37.09 6 24 486 612 6 —401
2 0 1 —28.79 2 17 240 248 —189 15
0 6 1 —8.25 5 50 501 1599 521 300
1 4 1 —31.80 24 100 733 2413 377 788
2 2 1 —41.71 17 103 639 1963 —444 267
3 0 1 —23.03 13 64 273 2377 —131 —66
0 0 3 —88.84 20 205 855 1746 386 848

[Ty (l,=1) 0 1 1 —23.56 0 0 12 17 36 —133
0 3 1 —19.36 0 5 46 192 64 227
1 1 1 —25.40 1 4 71 225 —139 130
0 5 1 —11.70 3 20 124 712 — —_
1 3 1 —27.82 8 47 490 949 — —
2 1 1 —23.33 6 35 387 1068 — —
0 7 1 —2.36 9 77 660 2797 621 251
1 5 1 —40.3%7 574 684 2701 4604 —1550 135
2 3 1 —31.35 45 165 1105 3190 -271 574
3 1 1 —16.70 40 268 441 7705 —266 —236
0 1 3 —83.45 52 259 1737 3441 —115 855

a) B(n)=[B:(n) — B *(n)] X 104 cm~1, where B*'*%(n) is obtained from the eigen vectors of the nXn problem.
b) d(n)=[B(200) —B(n)] % 100; Note that the definition is reversed to make most of d(n) positive. ¢) Sca1ca=B(200)
—Beg1ca, where Bggeq is obtained by an ordinary perturbation method (Ref. 10 for CO, and Ref. 18 for CS,).

TapLE 6. CALCULATED ROTATIONAL CONSTANTS OF CS, AND THEIR VARIATIONS WITH
THE NUMBER OF BASIS FUNCTIONs?

Level

Species —_— B(200) 5(150) 4(100) 4(50) 4(30) Oealed & caled
ny ng ng

St (,=0) 1 0 0 —1.62 0 0 0 6 -3 0
0 2 0 3.79 0 0 0 0 9 1
2 0 0 —3.11 0 1 15 15 —6 —4
1 2 0 2.65 0 0 2 8 6 —6
0 4 0 7.18 0 0 1 7 37 2

St (1,=0) 0 0 1 —7.07 0 0 0 13 6 22
1 0 1 —8.63 0 0 7 41 6 31
0 2 1 —3.53 0 0 3 9 -7 34
2 0 1 —10.05 1 3 89 85 5 34
1 2 1 —4.68 0 2 38 70 -~13 39
0 4 1 —0.36 0 1 18 126 2 47
3 0 1 —11.26 3 12 105 136 9 36
2 2 1 —5.76 2 10 84 122 —15 41
1 4 1 —1.27 1 9 69 302 -2 53
0 6 1 2.63 1 11 53 447 22 60

I, (L=1) 0 1 1 —5.07 0 0 1 1 —5 26
1 1 1 —6.29 0 1 7 42 —10 26
0 3 1 —1.81 0 1 6 60 -7 41
2 1 1 —-7.32 0 4 82 114 —23 22
1 3 1 —2.79 0 5 41 164 —14 47
0 5 1 1.25 0 5 25 311 11 55

a) See Footnotes of Table 5,
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k13333 Another calculation has been proceeded by
including the matrix elements originated from these
three quintic force constants. In the last columns
designated as d,,," in Tables 3 and 5, the corresponding
differences are entered. Significant changes (most of
them are improvements) are observed upon the in-
clusion of the three quintic force constants.

As mentioned earlier, the numerical diagonalization
method has an advantage that in that process an-
harmonic resonances are automatically taken care of.
As shown in I, however, this method is not free from
the truncation effects of the potential functions. This
effect is magnified in the special case of CO, in which
an ordinary separation of higher-order force constants
from the general quartic force constants does not work
properly. Since a number of smaller anharmonic
resonances are considered in the present process, the
discrepancies in calculated vibrational levels and
rotational constants are still expected, and the fit to
the experimental data may be improved by slightly
adjusting the 15 force constants including the three
quintic force constants.

The inclusion of other quintic as well as sextic force
constants has also been tested, the changes of calculat-
ed vibrational levels and rotational constants are far
smaller than those induced by the three quintic force
constants above, but they are not negligible. This
encourages us to proceed the least-squares fit of higher-
order force constants to experimental data. This will
be our project in near future.

1-Type Doubling Constanis. The [-type doubling
constants for a given pair of the [,==1 states may be
evaluated through the procedure given earlier. In
harmonic approximation the separation of the levels is
expressed as

Ay = Goen(vp+ DJJ+1), (18)

where
Grarm = (Bo*[wy) [1+4wy?/ (w5 —0,%)]. 19)
From the harmonic frequencies listed in Table 1
as well as the equilibrium rotational constants, the
following values are obtained: @i (CO,)=5.27x
104 cm™! and ghum (CS,)=7.63%x 1075 cm~1. Devia-
tions from the above values may be regarded as anhar-
monic effects. For a few vibrational levels of CO,
and CS, the [-type doubling constants have been
measured accurately?0-22). In Table 7 the observed
l-type doubling constants are listed along with the
corresponding calculated values. The isotopically con-
sistent set of force constants is used to evaluate the
constants of 3CS, species. The agreements between

Anharmonic Potential Functions of CO, and CS,
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the calculated and observed values are quite satisfactory.

Vibrational Wave Functions and Their Application to

Intensity Problem. Another useful feature in the numeri-

cal diagonalization method is its readiness to obtain an

orthonormal set of perturbed vibrational wave func-

tions, [v>=3la,,|n>. The six lowest levels in the
n

2ii-block are chosen as examples for both CO, and
CS,, and the coefficients which make major contribu-
tions to the above levels are listed in Table 8. The
mixings of the basis harmonic oscillator wave functions
are so complete in CO,, it is senseless to label a certain
level in terms of a single basis function. The mixings
are not so strong in GS, for which the labeling is much
simpler. There also exists a considerable mixing
between the wave functions [ny, ny, ly, ny> and |n,=%1,
ny, ly, ny> probably through the cubic force constant
111

The usefulness of the coefficient a,, may be demon-
strated in its application to the calculation of the
transition moment from v to v’ states, R,”’, the square
of which is related to the total integrated intensity of
the band:

Ry = (v'| M), (20)
where M is the dipole moment function M=M/q,,
gs, ¢3), which may be expressed as the sum of the
My and M components for linear symmetrical XY,
molecule. The former is parallel to the molecular axis
(z-axis) and has the same symmetry property as
T,(o%), whereas the latter is perpendicular to the z-
axis and has the II, symmetry to which T, and T,
belong. The both components are expanded as

3
My = g5 + tsgrqs + 2} Hiisqi*qs oo (21)
&

and
3
My = paqs + f2q19: + g] Hi124i*qe + - (22)
For simplicity ¢, is used instead of 7r,. The zeroth

order term vanishes because of the molecular sym-
metry (Den). If oXv'30%, Eq. (20) is rewritten as

R”"' = <v"M[ l)> = U3 EZ avn“u’m(”l q3| m>
nom

+ ﬂlazz avnav'm<”l qlq:il m> + e (23)

Similar expression may be written for the case of
vxv'2l,. In Eq. (23), the first term vanishes unless
my=ny, my=n, (I';=Il) and my=ny+1, while the
second term vanishes unless m;=n;+1, my=n,(l'y=1,),
and my=ny*1. Such requirements considerably sim-
plify the practical calculations.

TaBLE 7. OBSERVED AND CALCULATED [-TYPE DOUBLING CONSTANTS FOR CO, anp CS,

1) 12C10, i) 120325, i) 130828,

Level qobsda) Gealed Level qobsdb) Gealed Level QObst) ealed

0 1t 0 6.10 6.16 0 1 0 7.82 7.65 0 10 8.52 7.92

1 1t 0 9.64 9.61 1 10 9.05 8.63 0 1t 1 8.68 7.83

0 3t 0 9.19 9.12 0 3t 1 14.65 14.38 1 1* 1 9.75 9.05

1 1t 1 8.59 9.39 1 3t 1 15.78 15.57 0 3t 1 15.19 14.59
2 1* 1 11.60 10.57

a) Ref. 20; unit 10-4cm™.

b) Ref. 21; unit 10~5cm™1.

c) Ref. 22; unit 10-% cm—.
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TaBLE 8. SOME EXAMPLES OF EIGENVECTOR COEFFICIENTS d,;’s IN CO, anDp CS,»

Level CO, >3,*-block Sat
2349.01 0.980 (001) 0.188 (101) 0.996
3615.49 0.724 (021) 0.639 (101) 0.201 (201) 0.973
3708.80 0.675 (021) 0.671*(101) 0.227*(201) 0.957
4855.06 0.711 (121) 0.565 (041) 0.333 (201) 0.936
4977.27 0.699 (201) 0.553*(041) 0.335 (301) 0.256*(101) 0.972
5084 .90 0.648 (121) 0.601*(041) 0.330*(201) 0.890

Level CS, > .*-block > a%un
1535.34 0.980 (001) 0.184 (101) 0.994
2186.65 0.912 (101) 0.282 (201) 0.211 (021) 0.956
2321.87 0.969 (021) 0.190%*(101) 0.975
2835.98 0.821 (201) 0.359 (301) 0.305 (121) 0.896
2958.17 0.861 (121) 0.347 (041) 0.254*(201) 0.895
3124.11 0.929 (041) 0.332%(121) 0.973

a) Asterisks indicate negative coeflicients.

It is emphasized here that Eq. (23) is valid for any
transitions satisfying the relation v xv'30%. This con-
trasts with the expressions derived from the perturba-
tion method? or those derived from the contact
transformation method as has been applied to the
intensity problem of the bent XY, molecules.?®) Actual-
ly the numerical diagonalization method was used by
Foord and Whiffen?3 for the treatment of the dipole
moment function of OCS. They obtained the vibra-
tional wave functions by solving a 30 X 30 vibrational
hamiltonian matrix.

Conclusions. In the present paper it has been
shown that the direct diagonalization method is ap-
plicable to the treatment of vibration and vibration-
rotation problem of linear symmetrical XY, molecules.
This method has a certain merits over the conven-
tional perturbation method: Exact solutions are usually
secured if the number of basis functions is taken large
enough, the quintic and higher-order force constants
are easily accomodated and the method may be ex-
tended to handle with the general sextic potential
function. A set of orthonormal vibrational wave
functions may be obtained regardless of the potential
functions employed. Eq. (23) holds whatever poten-
tial functions may be used. The obvious demerit of
the present method is that it involves the eigenvalue
problem for large martices to avoid the truncation
effect of the vibrational hamiltonian matrix. In ad-
dition, the calculation of vibration-rotation constants
is not simple and rather time consuming. However,
the rapid progress of existing computers as well as of
computational technique has made the above calcula-
tions quite manageable, and its application to the
determination of more precise force field or to the
intensity problem through dipole moment functions
seems very promising.
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